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Abstract
The concept of a geodesic invex subset of a Riemannian manifold is introduced. Geodesic invex and
preinvex functions on a geodesic invex set with respect to particular maps are defined. The relation between
geodesic invexity and preinvexity of functions on manifolds is studied. Using proximal subdifferential,
certain results concerning extremum points of a non smooth geodesic preinvex function on a geodesic invex
set are obtained. The main value inequality and the mean value theorem in invexity analysis are extended
to Cartan–Hadamard manifolds.
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1. Introduction
Convexity plays a vital role in optimization theory. This concept in linear topological spaces
relies on the possibility of connecting any two points of the space by the line segment between
them. Since convexity is often not enjoyed by the real problems various approaches to the gen-
eralization of the usual line segment have been proposed to relax the convexity assumptions.
In 1981 Hanson [9] introduced the concept of invexity, generalizing the difference x−y in the
definition of convex function to any function η(x, y). Since then numerous articles have appeared
in the literature reflecting further generalizations and applications in this category. For a survey
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troduced a new generalization of convex sets and convex functions and Craven [6] called them
invex sets and preinvex functions, respectively.
On the other hand, a manifold is not a linear space. Rapcsák [15] and Udriste [16] proposed
a generalization of convexity which differs from the others. In this setting the linear space is re-
placed by a Riemannian manifold and the line segment by a geodesic, see [15,16] and references
therein.
The organization of the paper is as follows: in Section 2 some concepts and facts from Rie-
mannian geometry are collected. In Section 3 we define geodesic invex sets, and motivated
by [13], we define the concepts of a geodesic invex function. Then geodesic preinvex functions
are defined and some examples of these notions on Riemannian manifolds are given.
In Section 4 we study the link between geodesic invexity and geodesic preinvexity for smooth
functions. We prove that a differentiable geodesic preinvex function is geodesic invex. Then, ap-
plying a natural condition on a geodesic invex function, we investigate whether geodesic invexity
implies preinvexity.
In Section 5 we apply the proximal subdifferential of preinvex functions (see [4]). We relax
the smoothness condition on geodesic preinvex functions and considering lower semicontinuity
we study the question of global minimum of these functions on Riemannian manifolds.
In Section 6 we extend the mean value theorem for differentiable functions defined on invex
sets in Rn to differentiable functions on invex subsets of Riemannian manifolds (see [1,2]).
2. Preliminaries
In this section, we recall some definitions and known results about Riemannian manifolds
which will be used throughout the paper. We refer the reader to [10,11] for the standard material
of differential geometry.
Throughout this paper M is a C∞ smooth manifold modelled on a Hilbert space H , either
finite dimensional or infinite dimensional, endowed with a Riemannian metric 〈·,·〉p on the tan-
gent space TpM ∼= H . The corresponding norm is denoted by ‖ ‖p . Let us recall that the length
of a piecewise C1 curve γ : [a, b] → M is defined by
L(γ ) :=
b∫
a
∥∥γ ′(t)∥∥
γ (t)
dt.
For any two point p, q ∈ M , we define
d(p,q) := inf{L(γ ): γ is a piecewise C1 curve joining p to q}.
Then d is a distance which induces the original topology on M . On every Riemannian manifold
there exists exactly one covariant derivation called Levi-Civita connection denoted by ∇XY for
any vector fields X,Y on M . We also recall that a geodesic is a C∞ smooth path γ whose tan-
gent is parallel along the path γ , that is, γ satisfies the equation ∇dγ (t)/dt dγ (t)/dt = 0. Any
path γ joining p and q in M such that L(γ ) = d(p,q) is a geodesic, and it is called a mini-
mal geodesic. The existence theorem for ordinary differential equations implies that for every
v ∈ TM there exist an open interval J (v) containing 0 and exactly one geodesic γv :J (v) → M
with dγ (0)/dt = v. This implies that there is an open neighborhood T˜ M of the submanifold M
of TM such that for every v ∈ T˜ M the geodesic γv(t) is defined for |t | < 2. The exponential
mapping exp : T˜ M → M is then defined as exp(v) = Jv(1) and the restriction of exp to a fiber
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geodesic. Recall that for a given curve γ : I → M , a number t0 ∈ I and a vector v0 ∈ Tγ (t0)M ,
there exists exactly one parallel vector field V (t) along γ (t) such that V (t0) = v0. Moreover,
the mapping defined by v0 → V (t) is a linear isometry between the tangent spaces Tγ (t0)M and
Tγ (t)M , for each t ∈ I . We denote this mapping by P tt0,γ and we call it the parallel translation
from Tγ (t0)M to Tγ (t)M along the curve γ . In the case when γ is a minimizing geodesic and
γ (t0) = x, γ (t1) = y, we denote this mapping by Lxy .
If f is a differentiable map from the manifold M to the manifold N , we shall denote by dfx
the differential of f at x.
We also recall that a simply connected complete Riemannian manifold of nonpositive sec-
tional curvature is called a Cartan–Hadamard manifold.
3. Geodesic invex sets and geodesic invex functions
Definition 3.1. Let M be a Riemannian manifold and η :M ×M → TM be a function such that
for every x, y ∈ M , η(x, y) ∈ TyM . A nonempty subset S of M is said to be geodesic invex with
respect to η if for every x, y ∈ S there exists exactly one geodesic αx,y : [0,1] → M such that
αx,y(0) = y, α′x,y(0) = η(x, y), αx,y(t) ∈ S, for all t ∈ [0,1].
Recall that a subset S of a Riemannian manifold is called geodesic convex if any two points
x, y ∈ S can be joined by exactly one geodesic of length d(x, y) which belongs entirely to S
(see [2,11]).
Remark 3.1. Let M be a Cartan–Hadamard manifold (either finite dimensional or infinite dimen-
sional). On M there exists a natural map η playing the role of the x − y in Euclidean space Rn,
for every x, y ∈Rn. Indeed, we can define the function η as
η(p,q) := α′p,q(0), for all p,q ∈ M, (1)
where αp,q is the unique minimal geodesic joining q to p defined (see [11, p. 253]) as follows:
αp,q(t) := expq
(
t exp−1q p
)
, for all t ∈ [0,1]. (2)
Therefore, every geodesic convex set S ⊆ M is a geodesic invex set with respect to the η defined
in (1). Note that the converse does not hold in general, see Example 3.1.
On the other hand, if S ⊆ M is a geodesic invex set with respect to the η defined in (1) then,
for every p,q ∈ S there exists exactly one geodesic βp,q : [0,1] → M such that βp,q(0) = q ,
β ′p,q(0) = η(p,q) and βp,q(t) ∈ S for each t ∈ [0,1]. Since αp,q defined in (2) and βp,q satisfy
the same initial conditions, hence by uniqueness of maximal geodesic passing through q with
initial velocity η(p,q), we have αp,q = βp,q on [0,1]. Therefore, S is a geodesic convex set.
Example 3.1. Let M be a Cartan–Hadamard manifold and x0, y0 ∈ M , x0 = y0. Let B(x0, r1) ∩
B(y0, r2) = φ for some 0 < r1, r2 < 12d(x0, y0), where B(x, r) = {y ∈ M: d(x, y) < r} is an
open ball with the center x and the radius r . We define
S := B(x0, r1)∪B(y0, r2).
Then, S is not a geodesic convex set because, every geodesic curve passing x0, y0 is not com-
pletely lie in S. Now we define the function η :M ×M → M by
η(x, y) :=
{
exp−1y x, x, y ∈ B(x0, r1) or x, y ∈ B(y0, r2),
0 , otherwise.y
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αx,y(t) = expy
(
tη(x, y)
)
, for all t ∈ [0,1].
Hence,
αx,y(0) = y, α′x,y(0) = η(x, y).
We show that S is a geodesic invex set with respect to η. Let x, y ∈ B(x0, r1), since B(x0, r1) is
geodesic convex (see [11, p. 259]) therefore,
αx,y(t) = expy
(
t exp−1y x
) ∈ B(x0, r1) ⊂ S, for all t ∈ [0,1].
Similarly, for the case x, y ∈ B(y0, r2), we have
αx,y(t) ∈ S, for all t ∈ [0,1].
If x ∈ B(x0, r1) and y ∈ B(y0, r2) or x ∈ B(y0, r2) and y ∈ B(x0, r1) then, we have
αx,y(t) = expy(t0y) = y ∈ S, for all t ∈ [0,1].
Hence, S is a geodesic invex set with respect to η.
Let S be a geodesic convex subset of a finite dimensional Cartan–Hadamard manifold
M and x ∈ M . Then, there exists exactly one point pS(x) ∈ S such that for each y ∈ S,
d(x,pS(x)) d(x, y). The point pS(x) is called the projection of x onto S (see [8, p. 262]).
Example 3.2. Let S1 and S2 be nonempty closed geodesic convex subsets of a finite dimensional
Cartan–Hadamard manifold M and S1 ∩ S2 = φ. We set S := S1 ∪ S2 and define the function
η :M ×M → M by
η(x, y) :=
⎧⎪⎨
⎪⎩
exp−1y (pS1(x)), y ∈ S1, x ∈ M ,
exp−1y (pS2(x)), y ∈ S2, x ∈ M ,
0y, otherwise.
Now, for all x, y ∈ S define
αx,y(t) := expy
(
tη(x, y)
)
, for all t ∈ [0,1].
Clearly αx,y(0) = y, α′x,y(0) = η(x, y) and αx,y(t) ∈ S for all t ∈ [0,1]. Hence, S is a geodesic
invex set with respect to η.
In the next example we show that on every Riemannian manifold M there exists a function
η :M × M → TM and a subset S of M which is geodesic invex set with respect to η, but it is
not geodesic convex.
Recall that an open geodesic convex subset S of a Riemannian manifold M is called strongly
convex if every ε-ball B(x, ε) in S is a geodesic convex set. For each x ∈ M there exists a number
ε = ε(x) > 0 such that B(x, ε) is a strongly geodesic convex set (see [10, p. 84]).
Example 3.3. Let M be a Riemannian manifold and x0, y0 ∈ M , x0 = y0 then, there exist two
disjoint open balls B(x0, ε) and B(y0, ε) which are strongly convex (see [10, p. 85]). Set
S := B(x0, ε)∪B(y0, ε).
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η(x, y) :=
{
α′x,y(0), x, y ∈ B(x0, ε) or x, y ∈ B(y0, ε),
0y, otherwise,
where αx,y for x, y ∈ S is the unique geodesic joining x and y such that αx,y(0) = y, αx,y(1) = x.
Clearly S is a geodesic invex set with respect to η.
A real differentiable function f defined on manifold M is said to be η-invex (see [13]) if for
every x, y ∈ M ,
f (x)− f (y) dfy
(
η(x, y)
)
.
Now we define the invexity of a function f which is defined on an open geodesic invex subset of
a Riemannian manifold.
Definition 3.2. Let M be a Riemannian manifold, S be an open subset of M which is geodesic
invex with respect to η :M ×M → TM and f be a real differentiable function on S. We say that
f is η-invex on S if the following inequality holds
f (x)− f (y) dfy
(
η(x, y)
)
, for all x, y ∈ S.
The definition of a preinvex function on Rn is given in [17]. See also [12,18] for properties of
preinvex functions. Now we extend this notion to Riemannian manifolds and study some of its
properties in this setting.
Definition 3.3. Let M be a Riemannian manifold and S ⊆ M be a geodesic invex set with respect
to η :M × M → TM . We say that a function f :S → R is geodesic η-preinvex if for every
x, y ∈ S,
f
(
αx,y(t)
)
 tf (x)+ (1 − t)f (y), for all t ∈ [0,1], (3)
where αx,y is the unique geodesic defined in Definition 3.1. If the inequality (3) is strict then, we
say that f is a strictly geodesic η-preinvex function.
Proposition 3.1. Let M be a Riemannian manifold and S ⊆ M be a geodesic invex set with
respect to η :M × M → TM . Suppose that the function f :S → R is geodesic η-preinvex then,
we have:
(i) Every lower section of f defined by
S(f,λ) := {x ∈ S: f (x) λ}, λ ∈R,
is a geodesic invex set with respect to η.
(ii) The set K of solutions of problem
(P ) min f (x)
s.t. x ∈ S,
is a geodesic invex set with respect to η. Moreover, if f is a strictly geodesic η-preinvex
function, then M contains at most one point.
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one geodesic αx,y : [0,1] → M such that
αx,y(0) = y, α′x,y(0) = η(x, y), αx,y(t) ∈ S, for all t ∈ [0,1].
By the geodesic η-preinvexity of f we have
f
(
αx,y(t)
)
 tf (x)+ (1 − t)f (y) λ, for all t ∈ [0,1].
Therefore, αx,y(t) ∈ S(f,λ) for all t ∈ [0,1].
(ii) If α := infx∈S f (x) then, it is obvious that K =⋂λ>α S(f,λ), that is, K is an intersection
of geodesic invex sets with respect to η which is also a geodesic invex set with respect to η. If f
is a strictly geodesic η-preinvex function and x, y ∈ K then, by the geodesic invexity of K with
respect to η there exists exactly one geodesic βx,y : [0,1] → M such that
βx,y(0) = y, β ′x,y(0) = η(x, y), βx,y(t) ∈ K, for all t ∈ [0,1].
Since f is a strictly η-preinvex function, we have
α = f (βx,y(t))< tf (x)+ (1 − t)f (y) α, for all t ∈ [0,1],
which is impossible. 
The following proposition is a generalization of Lemma 4 in [3].
Proposition 3.2. Let M be a complete Riemannian manifold, S ⊆ M be a geodesic invex set
with respect to η :M × M → TM and F :S × S → R be a continuous geodesic (η, η)-preinvex
function, that is, F is η-preinvex with respect to each variable. Then, the function ψ :S → R
defined by
ψ(x) = inf
y∈S F (x, y),
is geodesic η-preinvex.
Proof. Let x0, x1 ∈ S and ε > 0 is given. Since S is a geodesic invex set with respect to η, there
exists exactly one geodesic αx0,x1 : [0,1] → M such that
αx0,x1(0) = x1, α′x0,x1(0) = η(x0, x1), αx0,x1(t) ∈ S, for all t ∈ [0,1].
By the definition of ψ , there exist y0, y1 ∈ S such that
F(x1, y1) < ψ(x1)+ ε, F (x0, y0) < ψ(x0)+ ε.
By the geodesic invexity of S with respect to η, there exists exactly one geodesic βy0,y1 :[0,1] → M such that
βy0,y1(0) = y1, β ′y0,y1(0) = η(y0, y1), βy0,y1(t) ∈ S, for all t ∈ [0,1].
It is clear that the curve γ = (αx0,x1 , βy0,y1) : [0,1] → M is a geodesic in S × S, with γ (0) =
(x1, y1) such that for each t ∈ [0,1] we have γ (t) = (αx0,x1(t), βy0,y1(t)) ∈ S × S and
γ ′(0) = (α′x0,x1(0), β ′y0,y1(0))= (η(x0, x1), η(y0, y1)).
By the definition of ψ and the (η, η)-preinvexity of F we have
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(
αx0,x1(t)
)= inf
y∈S F
(
αx0,x1(t), y
)
 F
(
αx0,x1(t), βy0,y1(t)
)
 tF (x1, y1)+ (1 − t)F (x0, y0)
 t
(
ψ(x1)+ ε
)+ (1 − t)ψ((x0)+ ε)
= tψ(x1)+ (1 − t)ψ(x0)+ ε.
Therefore,
ψ
(
α(t)
)
 tψ(x1)+ (1 − t)ψ(x0). 
4. Preinvexity and differentiability
Motivated by [12] we introduce a condition on the function η :M ×M → TM which verifies
the relation between geodesic invexity and preinvexity of functions on geodesic invex subsets of
Riemannian manifolds.
Definition 4.1. Let M be a Riemannian manifold. We say that the function η :M × M → TM
satisfies the condition (C), if for each x, y ∈ M and for the geodesic α : [0,1] → M satisfying
α(0) = y, α′(0) = η(x, y), we have
(C1) P 0t,α
[
η
(
y,α(t)
)]= −tη(x, y),
(C2) P 0t,α
[
η
(
x,α(t)
)]= (1 − t)η(x, y),
for all t ∈ [0,1].
In the following example we show that the function η defined in Example 3.1 satisfies the
condition (C).
Example 4.1. Let S ⊆ M and η be the same as the one given in Example 3.1, we show that η
satisfies the condition (C1). If x ∈ B(x0, r1) and y ∈ B(y0, r2) or x ∈ B(y0, r2) and y ∈ B(x0, r1)
then, the result is trivially hold. Suppose that x, y ∈ B(x0, r1) or x, y ∈ B(y0, r2). Fix t ∈ [0,1]
and set z := expy(tη(x, y)), v := tη(x, y) and w := η(y, z) = exp−1z y. Consider the geodesic
β(s) := expy(sv), s ∈ [0,1], hence, β(0) = y, β(1) = z and β ′(0) = v. By the definition of
parallel translation it is clear that
Lyz(v) = P 10,β(v) = β ′(1). (4)
Now, consider the geodesic γ (s) := expz(sw), s ∈ [0,1], hence, γ (0) = z, γ (1) = y and
γ ′(0) = w. Indeed, γ (s) = β(1 − s) and so
γ ′(0) = −β ′(1). (5)
By (4) and (5) and the definition of η we have η(y, z) = γ ′(0) and
Lyz(v) = β ′(1) = −γ ′(0) = −η(y, z).
Therefore,
Lzy
(
η(y, z)
)= −v = −tη(x, y).
Hence, the condition (C1) is satisfied.
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α¯x,y(s) := αx,y(1 − s), for all s ∈ [0,1],
be the reverse curve of αx,y , hence z = α¯x,y(1 − t). By a similar proof as above we have
Lzx
[
η(x, z)
]= P 0(1−t),α¯x,y
[
η(x, z)
]= −(1 − t)η(y, x)
= −(1 − t) exp−1y x.
By property LxyoLzx = Lzy of parallel translation we get
LxyoLzx
[
η(x, z)
]= Lxy[−(1 − t) exp−1y x]= −(1 − t)Lxy[exp−1y x]
= (1 − t)η(x, y).
Hence,
Lzy
[
η(x, z)
]= (1 − t)η(x, y).
Therefore, the condition (C2) is also hold.
Theorem 4.1. Let M be a Riemannian manifold and S be an open subset of M which is geodesic
invex with respect to η :M ×M → TM . Assume that f :S →R is a differentiable and geodesic
η-preinvex function. Then, f is a geodesic η-invex function.
Proof. By the geodesic invexity of S with respect to η, for every x, y ∈ S there exists exactly
one geodesic αx,y : [0,1] → M such that
αx,y(0) = y, α′x,y(0) = η(x, y), αx,y(t) ∈ S, for all t ∈ [0,1].
Since f is geodesic η-preinvex for t ∈ (0,1), we have
f
(
αx,y(t)
)
 tf (x)+ (1 − t)f (y),
which implies
f
(
αx,y(t)
)− f (y) t(f (x)− f (y)).
Divide by t to obtain
1
t
[
f
(
αx,y(t)
)− f (y)] f (x)− f (y).
Taking the limit as t → 0, we have
dfαx,y(0)
(
α′x,y(0)
)
 f (x)− f (y).
Therefore, dfy(η(x, y)) f (x)− f (y). 
Theorem 4.2. Let M be a Riemannian manifold and S be an open subset of M which is also
geodesic invex with respect to η :M × M → TM . Suppose that the function f :S → R is dif-
ferentiable. If f is geodesic η-invex on S and η satisfies the condition (C) then, f is geodesic
η-preinvex on S.
A. Barani, M.R. Pouryayevali / J. Math. Anal. Appl. 328 (2007) 767–779 775Proof. By the geodesic invexity of S with respect to η, for every x, y ∈ S there exists exactly
one geodesic αx,y : [0,1] → M such that
αx,y(0) = y, α′x,y(0) = η(x, y), αx,y(t) ∈ S, for all t ∈ [0,1].
Fix t ∈ [0,1] and set x¯ := αx,y(t). Then, we have
f (x)− f (x¯) dfx¯
(
η(x, x¯)
)
, (6)
f (y)− f (x¯) dfx¯
(
η(y, x¯)
)
. (7)
Now, multiplying (6) and (7) by t and (1 − t), respectively, and adding we have
tf (x)+ (1 − t)f (y)− f (x¯) dfx¯
(
tη(x, x¯)+ (1 − t)η(y, x¯)).
By the condition (C),
tη(x, x¯)+ (1 − t)η(y, x¯) = t (1 − t)P t0,αx,y
[
η(x, y)
]+ (1 − t)(−t)P t0,αx,y
[
η(x, y)
]= 0.
Hence,
tf (x)+ (1 − t)f (y) f (x¯). 
5. Preinvexity and semicontinuity
We recall the definition of a proximal subdifferential of a function defined on a Riemannian
manifold and refer the reader to [4,7] for the discussion of proximal calculus on such a manifold.
Definition 5.1. Let M be a Riemannian manifold and f :M → (−∞,+∞] be a lower semicon-
tinuous function. A point ζ ∈ TyM is a proximal subgradient of f at y ∈ dom(f ), if there exist
positive numbers δ and σ such that
f (x) f (y)+ 〈ζ, exp−1y x〉y − σd(y, x)2, for all x ∈ B(y, δ),
where dom(f ) := {x ∈ M: f (x) < ∞}.
The set of all proximal subgradients of f at y ∈ M is denoted by ∂pf (y) and is called the
proximal subdifferential of f at y.
Before going into a study of semicontinuous preinvex functions, let us prove the following
theorem which will be useful in the sequel.
Theorem 5.1. Let M be a Riemannian manifold and S be an open subset of M which is geodesic
invex with respect to η :M ×M → TM . Suppose the function f :S →R is geodesic η-preinvex.
If x¯ ∈ S is a local optimal solution to the problem
(P ) min f (x)
s.t. x ∈ S,
then x¯ is a global minimum in (P ).
Proof. Suppose that x¯ ∈ S is a local minimum. Then, there is a neighborhood Nε(x¯) such that
f (x¯) f (x), for all x ∈ S ∩Nε(x¯). (8)
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f (x∗) < f (x¯).
Since S is a geodesic invex set with respect to η, there exits exactly one geodesic α such that
α(0) = x¯, α′(0) = η(x∗, x¯), α(t) ∈ S, for all t ∈ [0,1].
If we choose ε > 0 small enough such that d(α(t), x¯) < ε then, α(t) ∈ Nε(x¯). By the geodesic
η-preinvexity of f we have
f
(
α(t)
)
 tf (x∗)+ (1 − t)f (x¯) < f (x¯), for all t ∈ (0,1).
Therefore, for each α(t) ∈ S ∩ Nε(x¯), f (α(t)) < f (x¯) which is a contradiction to (8). This
complete the proof. 
Theorem 5.2. Let M be a Cartan–Hadamard manifold and S be an open subset of M which
is geodesic invex with respect to η :M × M → TM with η(x, y) = 0 for x = y. Suppose that
f :S → (−∞,+∞] is a lower semicontinuous geodesic η-preinvex function. Let y ∈ dom(f )
and ζ ∈ ∂pf (y). Then, there exists a number δ > 0 such that
f (x) f (y)+ 〈ζ, η(x, y)〉
y
, for all x ∈ S ∩B(y, δ). (9)
Proof. By the definition of ∂pf (y), there are positive numbers δ and σ such that
f (x) f (y)+ 〈ζ, exp−1y x〉y − σd(x, y)2, for all x ∈ B(y, δ). (10)
Fix x ∈ S ∩ B(y, δ). Since S is a geodesic invex set with respect to η, there exits exactly one
geodesic αx,y : [0,1] → M such that
αx,y(0) = y, α′x,y(0) = η(x, y), αx,y(t) ∈ S, for all t ∈ [0,1].
Since M is a Cartan–Hadamard manifold then, αx,y(t) = expy(tη(x, y)), for each t ∈ [0,1] (see
[11, p. 253]). If we choose t0 = δ‖η(x,y)‖y then,
expy
(
tη(x, y)
) ∈ S ∩B(y, δ), for all t ∈ (0, t0).
By the geodesic η-preinvexity of f , we have
f
(
expy
(
tη(x, y)
))
 tf (x)+ (1 − t)f (y), for all t ∈ (0, t0). (11)
By combining (10) and (11) for each t ∈ (0, t0) we get
f
(
expy
(
tη(x, y)
))
 f (y)+ 〈ζ, exp−1y expy(tη(x, y))〉y − σd(expy(tη(x, y)), y)2
= f (y)+ 〈ζ, tη(x, y)〉
y
− σd(expy(tη(x, y)), y)2. (12)
Since M is a Cartan–Hadamard manifold, for each t ∈ (0, t0),
d
(
expy
(
tη(x, y)
)
, y
)2 = ∥∥tη(x, y)∥∥2
y
= t2∥∥η(x, y)∥∥2
y
. (13)
By (11) and (13) we have
tf (x)+ (1 − t)f (y) f (expy(tη(x, y)))
 f (y)+ 〈ζ, tη(x, y)〉 − t2∥∥η(x, y)∥∥2 .
y y
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t
(
f (x)− f (y)) t 〈ζ, η(x, y)〉
y
− t2∥∥η(x, y)∥∥2
y
,
divide by t to obtain
f (x)− f (y) 〈ζ, η(x, y)〉
y
− t∥∥η(x, y)∥∥2.
Taking limit as t → 0 we obtain
f (x)− f (y) 〈ζ, η(x, y)〉
y
.
Since x ∈ S ∩B(y, δ) is arbitrary, thus (9) holds and the proof is complete. 
Corollary 5.1. Let M be a Cartan–Hadamard manifold and S be an open subset of M which is
geodesic invex with respect to η :M × M → TM . Suppose that f :S → R is a lower semicon-
tinuous geodesic η-preinvex function. Let y ∈ S and 0 ∈ ∂pf (y). Then, y is a global minimum
of f .
Proof. By Theorem 5.2, y is a local minimum of f and hence by Theorem 5.1, y is a global
minimum of f . 
It should be noted that if S is a subset of a Riemannian manifold M and f :S → (−∞,+∞] is
a lower semicontinuous function which has a local minimum at y ∈ S then, 0 ∈ ∂pf (y) (see [4]).
6. Mean value theorem
T. Antczak in [1] proved the mean value inequality and the mean value theorem in invexity
analysis. Now we extend these notions to Cartan–Hadamard manifolds.
Definition 6.1. Let S be a nonempty subset of a Riemannian manifold M which is geodesic invex
with respect to η :M × M → TM and x and u be two arbitrary points of S. Let α : [0,1] → M
be the unique geodesic such that
α(0) = u, α′(0) = η(x,u), α(t) ∈ S, for all t ∈ [0,1].
A set Puv is said to be a closed η-path joining the two points u and v := α(1) if
Puv :=
{
y: y = α(t); t ∈ [0,1]}.
An open η-path joining the points u and v is a set of the form
P 0uv :=
{
y: y = α(t); t ∈ (0,1)}.
If u = v we set P 0uv := φ.
Example 6.1. Suppose that M is a Cartan–Hadamard manifold and S is the geodesic invex
set with respect to η defined in Example 3.1. Let x and u be two arbitrary points of S and
α(t) := expu(t exp−1u x). Then:
(i) If x,u ∈ B(x0, r1) or x,u ∈ B(y0, r2), then Puv = Pux is the unique geodesic with end points
u and x and velocity vector η(x, y) = exp−1u x.
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P 0uv = φ.
Example 6.2. Suppose that M is a Cartan–Hadamard manifold and S is the geodesic invex
set with respect to η defined in Example 3.2. Let x and u be two arbitrary points of S and
α(t) := expu(tη(x,u)). Then, for u ∈ S1, x ∈ S2 we have v = α(1) = PS1(x) and Puv is the
unique geodesic with end points u and PS1(x).
Theorem 6.1 (Mean value inequality). Let M be a Cartan–Hadamard manifold and S ⊆ M be
a geodesic invex set with respect to η :M × M → TM such that η(a, b) = 0 for all a, b ∈ S,
a = b. Suppose that αb,a(t) = expa(tη(b, a)) for every a, b ∈ S, t ∈ [0,1], and c = αb,a(1).
Then, a necessary and sufficient condition for a function f :S →R to be geodesic η-preinvex is
that the inequality
f (x) f (a)+ f (b)− f (a)〈η(b, a), η(b, a)〉a
〈
exp−1a x, η(b, a)
〉
a
(14)
holds, for each x ∈ Pca .
Proof. Necessity. Let f :S → R be a geodesic η-preinvex function, a, b ∈ S and x ∈ Pca . If
x = a or x = c, then (14) trivially holds. If x ∈ P 0ca , then x := expa(tη(b, a)), for some t ∈ (0,1).
By the geodesic η-invexity of S it follows that x ∈ S and
t = 〈exp
−1
a x, η(b, a)〉a
〈η(b, a), η(b, a)〉a .
Since f is a geodesic η-preinvex function on S, we have
f (x) = f (expa(tη(b, a)))
 tf (b)+ (1 − t)f (a)
= f (a)+ t[f (b)− f (a)]
= f (a)+ f (b)− f (a)〈η(b, a), η(b, a)〉a
〈
exp−1a x, η(b, a)
〉
a
.
Sufficiency. Assume that the Mean value inequality (14) holds. Let a, b ∈ S and x :=
expa(tη(b, a)), for some t ∈ [0,1]. Then, x ∈ S and we have
f (x) = f (expa(tη(b, a)))
 f (a)+ f (b)− f (a)〈η(b, a), η(b, a)〉a
〈
exp−1a x, η(b, a)
〉
a
= f (a)+ f (b)− f (a)〈η(b, a), η(b, a)〉a
〈
exp−1a
(
expa
(
tη(b, a)
))
, η(b, a)
〉
a
= f (a)+ f (b)− f (a)〈η(b, a), η(b, a)〉a t
〈
η(b, a), η(b, a)
〉
a
= tf (b)+ (1 − t)f (a).
We conclude that f is a geodesic η-preinvex function. 
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nonempty, open geodesic invex set with respect to η :M ×M → TM . Suppose that f :S →R is
differentiable on S. Then, for every a, b ∈ S there exists c ∈ P 0ab such that
f
(
expa
(
η(b, a)
))− f (a) = dfc[(d expa)u(η(b, a))],
where u := t0η(b, a), t0 ∈ (0,1), and (d expa)u :Tu(TaM) ∼= TaM → TcM is the differential
of expa at u.
Proof. We define the function g : [0,1] →R as follows:
g(t) := f (expa(tη(b, a)))− f (a)− t[f (expa(η(b, a)))− f (a)]. (15)
Since g(1) = g(0) = 0 then, using Rolle’s theorem, it follows that there exists t0 ∈ (0,1) such
that g′(t0) = 0. Let c := expa(t0η(b, a)) then, by (15), we have
0 = g′(t0) = dfc
[
(d expa)u
(
η(b, a)
)]− f (expa(η(b, a)))− f (a).
Since t0 ∈ (0,1), by definition c ∈ P 0ab and the proof is complete. 
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